Abstract-Self-phase modulation induced nonlinear phase noise is reduced with the increase of fiber dispersion but intrachannel four-wave-mixing (IFWM) is increased with dispersion. Both degrading DPSK signals, the standard deviation of nonlinear phase noise induced differential phase is about three times that from IFWM even in highly dispersive transmission systems.
I. INTRODUCTION
R ECENTLY, differential phase-shift keying (DPSK) signal has been studied extensively for long-haul lightwave transmissions [1] - [4] . Mostly for 40-Gb/s systems, DPSK signal has 3-dB receiver sensitivity improvement and provides good tolerance to fiber nonlinearities than on-off keying. Most DPSK experiments use return-to-zero (RZ) pulse and launch a pulse train with phase modulated to each RZ pulse.
The interaction of fiber Kerr effect with amplifier noise induces nonlinear phase noise [5] - [8] , or more precisely, self-phase modulation (SPM) induced nonlinear phase noise. Added directly to the signal phase, as shown later, nonlinear phase noise is the major degradation for DPSK signals.
When RZ pulse broadens by chromatic dispersion and overlaps with each other, the pulse-to-pulse collision gives intrachannel cross-phase modulation (IXPM) and four-wavemixing (IFWM) [9] , [10] . While IXPM has no effect on DPSK signals, IFWM adds ghost pulses to each DPSK RZ pulse [11] - [15] .
For RZ-DPSK signals, the variance of the nonlinear phase noise is derived here analytically, to our knowledge, the first time. Comparing with the IFWM variance from [14] , [15] , the phase noise standard deviation (STD) from nonlinear phase noise is about three times larger than that from IFWM even at highly dispersive transmission systems.
II. NONLINEAR PHASE NOISE FOR RZ PULSES For a comparison to IFWM, nonlinear phase noise is evaluated based on the model of [11] - [15] . Assumed a Gaussian pulse with an initial 1/e pulse width of T 0 , the kth pulse along the fiber is
where A k = ±A 0 is the pulse amplitude modulated by either 0 or π phases, β 2 is the coefficient of group velocity dispersion, T is the bit interval, and α is the fiber attenuation coefficient. Due to fiber Kerr effect, from the model of [11] - [13] , there is a nonlinear force of jγu k u l u * m from the collision of the k-, l-, and m-th pulses, where γ is the fiber nonlinear coefficient. The overall ghost pulse is equal to
where ⊗ denotes convolution, and L is the fiber length. The impulse response of h −z (t) provides dispersion compensation for h z (t) where h z (t) is the impulse response for fiber chromatic dispersion, the corresponding frequency response is H z (ω) = exp(jβ 2 zω 2 /2). To be consistent with the model for IFWM of (2), for the pulse of u 0 (z, t), the SPM-induced nonlinear force including amplifier noise of n(z, t) is equal to
For the signal, nonlinear force is jγu 0 |u 0 | 2 or that of (2) with k = l = m = 0. The nonlinear force associated with nonlinear phase noise has two different terms of
when all quadratic or higher-order terms of the noise are ignored. For 2jγ|u 0 (z, t)| 2 n(z, t), the nonlinear force corresponding to (2) is equal to
At the input of the fiber, we assume that
2 n δ(τ ) as a white noise, where σ 2 n is the noise variance per dimension. With fiber dispersion, n(z, t) = n(0, t) ⊗ h z (t) and E {n(z, t + τ )n(z, t)} = 2σ
2 n e jβ2(z1−z2)ω function of time. Taking into account the noise dependence, with some algebra, we find that
where τ (z) = T 2 0 + β 2 2 z 2 /T 2 0 is the pulse width of (1). Similarly, the variance profile corresponding to jγu Figure 1 shows the temporal profile, both the STD of σ ∆un (t) and σ ∆u ′ n (t) for typical fiber dispersion coefficients of D = 17 and 3.5 ps/km/nm. The initial launched pulse has an 1/e width of T 0 = 5 ps. The fiber link is L = 100 km with attenuation coefficient of α = 0.2 dB/km. Figure 1 shows that the nonlinear force of ∆u n (t) due to the beating of |u 0 (z, t)| 2 with n(z, t) is far larger than that of ∆u ′ n (t) due to the beating of u 2 (z, t) with n * (z, t). In term of power, σ 2 ∆un (t) is about 1% of σ 2 ∆u ′ n (t). The noise term of ∆u n (t) also has more spreading over time than ∆u ′ n (t). The beating of u 2 (z, t) with n * (z, t) can be ignored. The temporal profile of Fig. 1 is not able to estimate the dependence between the nonlinear phase noise at t = 0 and, for example, t = T , directly. As a trivial example for signals without chromatic dispersion and pulse distortion, the nonlinear force is proportional to |u 0 (0, t)| 2 n(0, t). As white noise, the noises of n(0, t) at t = 0 and t = T are independent of each other. In this trivial case, the profile corresponding to Fig. 1 is proportional to |u 0 (0, t)| 2 . If the nonlinear force of ∆u n (t) is passing through an optical filter with an impulse response of h o (t), the filter output at the time of mT is
The SPM phase noise from ζ 0,0 is the noise generated by the beating of |u 0 (z, t)| 2 with n(z, t) and affect the DPSK pulse at t = 0. The term of ζ 0,1 is IXPM phase noise from the beating of |u 0 (z, t)| 2 with n(z, t) and affect the DPSK pulse at t = T . Due to IXPM, the DPSK pulse at t = 0 also affects by the beating of |u 1 (z, t)| 2 (the pulse at t = T ) with n(z, t) to give the IXPM phase noise of ζ 1,0 . Other than the temporal location, ζ 1,0 is statistically the same as ζ 0,−1 . In general, ζ k,m is statistically the same as ζ 0,m−k . The term of ζ 0,0 is from SPM alone and other terms of ζ k,m with k = m is from IXPM. Followed the model of [14] , [15] , the differential nonlinear phase noise from both SPM and IXPM phase noise is
where ℑ{·} denotes the imaginary part of a complex number. To give the output of A 0 and A 1 , the optical filter must have a frequency response of
o ω 2 /2) for the case of a Gaussian filter, where t o is the 1/e width of the impulse response of h o (t).
For simplicity, A 0 = A 1 is assumed for the same transmitted phase in consecutive symbols. Using the property that ℜ{ζ k,m } and ℑ{ζ k,m } are independent and identically distributed, the variance of δφ n is
(10) where ℜ{·} is the real part of a complex number.
Derived a function of f m (ω) as
we obtain
(13) For an N -span system, the amplifier noise at the first span is the smallest and that in the last span is the largest. From [5] , [16] , for large number of fiber spans with the identical span repeated one after another, the overall phase noise variance is σ a signal-to-noise ratio (SNR) of
T where P 0 is the launched power and L eff = (1 − e −αL )/α is the effective fiber length. The variance of nonlinear phase noise of σ 2 ∆φn is proportional to Φ NL 2 /ρ s , similar to that in [5] , [16] . Figure 2 also shows the corresponding phase STD due to IFWM calculated by the method of [15] . For optical match filter, the STD from IFWM scales up by a factor of 3/2 = 1.22 for the √ 3 times increase in the width of IFWM ghost pulse [11] , [12] , [15] . Figure 2 also includes the corresponding result for nonreturn-to-zero (NRZ) signal at D = 0 [7] , [16] .
The IFWM-induced ghost pulses give a phase noise variance increase with fiber dispersion. With large fiber dispersion and significant pulse overlap, more terms induce ghost pulses and the overall contribution from IFWM increases slowly with fiber dispersion. From (1), fiber dispersion reduces the pulse amplitude but the increase of number of terms balances that out. For D > 7 ps/km/nm, the contribution from IFWM increases slowly with the increase of fiber dispersion.
The STD from nonlinear phase noise of σ ∆φn reduces with fiber dispersion. Even with large fiber dispersion, σ ∆φn from nonlinear phase noise is about three times larger than that from IFWM. Figure 2 also shows the STD of ∆φ n with contribution from only SPM of ζ 0,0 and ζ 1,1 . At large dispersion, the contribution from IXPM phase noise of ζ m,k , m = k is larger than that from SPM of ζ m,m . With an interesting implication, the STD of σ ∆φn closes to that for NRZ signal at large dispersion. The results of [7] , [8] are approximately correct for RZ pulses for system with large dispersion. Figure 2 is for N identical fiber spans with Φ NL = 1 rad. For arbitrary link configuration, the integration of (11) can be replaced by N integrations for each span. Figure 2 also assumes an optical match filter of t o = T 0 . The function of f m (ω) is valid for general Gaussian optical filter but other filter types are possible, may be required another layer of integration.
For lossless fiber, both [17] , [18] studied nonlinear phase noise with chromatic dispersion for continuous-wave signal [17] and without IXPM phase noise [18] .
III. CONCLUSION
The variance of nonlinear phase noise is derived analytically for RZ-DPSK signals in highly dispersive transmission systems. For an initial pulse width of T 0 = 5 ps, the phase noise STD from nonlinear phase noise is about three times larger than that from IFWM at large fiber dispersion of D = 17 ps/km/nm. Nonlinear phase noise typically degrades a DPSK signal more than IFWM ghost pulses.
